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We investigate the magnetic field dependence of the Hall and the bend resistances for a ballistic
Hall bar structure containing a pn-junction sculptured from a bilayer of graphene. The electric
response is obtained using the billiard model and we investigate the cases of bilayer graphene with
and without a band gap. Two different conduction regimes are possible: i) both sides of the junction
have the same carrier type, and ii) one side of the junction is n-type while the other one is p-type.
The first case shows Hall plateau-like features in the Hall resistance that fade away as the band
gap opens. The second case exhibits a bend resistance that is asymmetric in magnetic field as a
consequence of snake states along the pn-interface, where the maximum is shifted away from zero
magnetic field.
PACS numbers: 72.80.Vp, 73.23.Ad, 85.30.Fg
I. INTRODUCTION
The study of single-layer, bilayer, and multilayer
graphene has been intensified due to their drastically dif-
ferent electronic properties from those of conventional
semiconductors. Graphene has a linear spectrum near
the K and K ′ points1,2 which cause perfect transmis-
sion through arbitrarily high and wide barriers for nor-
mal incidence, referred to as Klein tunneling3–6. Another
consequence is that single layer and bilayer graphene dis-
play an unconventional quantum Hall effect7,8. In con-
trast to carriers in single-layer graphene, those in bilayer
graphene possess a quadratic spectrum near the K-points
and show no Klein tunneling3. Adsorbates and/or gate
potentials9–11 induce an energy gap due to the tunnel
coupling between the layers that is beneficial for cer-
tain applications, e. g., for improving the on/off ratio
in carbon-based transistors. The metamaterial charac-
ter of pn-structures in graphene12 was pointed out, and
focusing of electronic waves was proposed13,14. More-
over, snake states along the pn-interface were predicted
analytically15,16 and experiments on such systems were
undertaken recently17,18. The metamaterial properties
of the above mentioned pn-structures resulted in the ex-
pectancy of controlling the electron wave function, in
particular, the width of electron beams by means of a
superlattice known as collimation19. Qualitatively, the
metamaterial properties of pn-junctions in graphene can
be understood by inspecting classical trajectories20, or
using ray optics as it is called for the case of electromag-
netic phenomena21. Classical transport simulations were
recently22,23 presented for a single layer graphene Hall
bar. Bilayer graphene exhibits a quadratic spectrum for
a low energy which results in a very different transmission
probability for potential barriers, i.e. absence of Klein
tunneling. This motivated us to investigate the response
of a bilayer graphene Hall bar containing a pn-junction
which has quantitative different transmission properties.
The present results will be contrasted with those of single
layer graphene.
The paper is organized as follows. In Section II our
method of solving the electronic transport of a Hall bar
is introduced as well as the procedure for obtaining the
transmission and reflection coefficients. In Section III
we present our numerical results for the Hall and the
bend resistances and analyze their behavior for the case
of bilayer graphene with and without a band gap in its
spectrum. Conclusions and remarks are given in Section
IV.
II. MODEL
The system we are investigating is a 4-terminal bilayer
graphene structure in the shape of a Hall bar, shown
in Fig. 1(b). The following typical parameters are
used, EF = 50meV is the Fermi energy, vF = 10
6m/s
is the Fermi velocity, and W = L = 1µm, resulting
in B0 =
|EF |
evFW
= 0.05T, R0 =
h
4e2
~vF
|EF |W = 0.117
h
4e2
which are taken as units for, respectively, the magnetic
field and the resistance. The change in resistances when
the same potential is applied to both layers of bilayer
graphene is examined, as well as the situation when the
band gap is opened as a consequence of the different po-
tentials applied to the top and the bottom layer of bilayer
graphene. In order to obtain the transport properties of
the bilayer graphene Hall bar structure in the presence
of an external magnetic field we implemented a semiclas-
sical approach24,25. Electrons are assumed to move bal-
listically and the billiard model is used to simulate their
motion. The trembling motion of electrons (Zitterbewe-
gung) is neglected due to its transient character which
makes it observable only on a femtosecond scale26.
The Hamiltonian describing the electron motion in bi-
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FIG. 1: (Color online) (a) Schematic model of a potential
step profile with the charge carrier bands and (b) the Hall
bar model in the presence of this step potential. (c) Electron
scattering on the pn-interface can result in snake orbits (left)
and/or skipping orbits (right). (d) Angular dependence of the
transmission for eU/EF = 0.2 (pink), 0.8 (green), 1.2 (black),
and 2.0 (red). (e) Angular dependence of the transmission
probability.
layer graphene is given by
H =
 U
′ v(px + ıpy) t⊥ 0
v(px − ıpy) U ′ 0 0
t⊥ 0 U ′′ v(px − ıpy)
0 0 v(px + ıpy) U
′′
 ,
(1)
where U ′ and U ′′ represent the applied potentials on the
top and the bottom layer of the bilayer graphene struc-
ture, respectively, t⊥ ≈ 0.4eV is the interlayer hopping
parameter and vF is the Fermi velocity.
Solving HΨ = EΨ with Ψ = [φa, φb, φc, φd]
T in both
regions of the structure we derive the expression for the
wave vector in the x-direction as:
kσ± =
[
ε2σ + δ
2
σ ±
√
4ε2σδ
2
σ + (ε
2
σ − δ2σ)t2 − q2
]1/2
, (2)
with Uσ = (U
′
σ + U
′′
σ )/(2~vF ), 2δσ = e(U ′σ − U ′′σ )/(~vF ),
εσ = (EF − eUσ)/(~vF ), σ = {1, 2} corresponds to the
first or the second region, and q is the wave vector in
the y-direction. If U ′σ = U
′′
σ there is no gap in the bi-
layer spectrum and kσ± transforms to a much simpler
expression
kσ± = ε2 ± |εt| − q2. (3)
A plot of the energy bands for bilayer graphene when a
gap is opened is shown in Fig. 2. We see that the states
around the band extremum correspond to both kσ+ and
kσ− states.
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FIG. 2: (Color online) Energy dispersion relation for bilayer
graphene with an open gap δ. Spectrum consists of two dif-
ferent wave vectors: k+ (red line) and k− (blue line). Plot is
made for E0 = 50meV .
Using the obtained wave vectors we can write the wave
functions as
Ψ±1 = Ψ
±
R + r
±
+Ψ
+
L + r
±
−Ψ
−
L , (4)
in the first region and
Ψ±2 = t
±
+Ψ
+
R + t
±
−Ψ
−
R, (5)
in the second region, where
Ψ±R = Nσ±

1
tξσ
{
ξ2σ − k2Fσ±
}
1
t(ε2σ − δ2σ)
[kσ± − ıq]
{
ξ2σ − k2Fσ±
}
1
1
ξσ
[kσ± + ıq]

eikσ±x
(6)
and
Ψ±L = Nσ±

1
tξσ
{
ξ2σ − k2Fσ±
}
− 1
t(ε2σ − δ2σ)
[kσ± + ıq]
{
ξ2σ − k2Fσ±
}
1
− 1
ξσ
[kσ± − ıq]

e−ikσ±x
(7)
with ξσ = (εσ − δσ) and Nσ± a normalization constant
given by
Nσ± =
[
evW
2kσ±(ξ2σ − k2Fσ±)2 + 2kσ±t2(ε2σ − δ2σ)
t2(ε2σ − δ2σ)ξσ
]−1/2
,
(8)
and kFσ± =
√
k2σ± + q2. Equating the wave functions at
the boundary x = 0 we obtain the reflection and trans-
3mission coefficients r±± and t
±
±. Total reflection and trans-
mission coefficients are, respectively, given by
R =
1
2
Tr(rr†) (9)
and
T =
1
2
Tr(tt†). (10)
Figs. 1(c) and (d) show transmission probability for bi-
layer graphene without a gap. Plots are in agreement
with the results presented in Ref. 27. Figures show that
an electron with energy lower than the height of the po-
tential step will be fully reflected from the step potential
for the case of normal incidence. Note that for single
layer graphene, due to Klein tunneling, this probability
was 1.
Fig. 3 shows the transmission probability versus the
Fermi energy EF and wave vector k for bilayer graphene
with band gap in both regions δ1 = −δ2. Compared
with the transmission obtained in the case of a gapless
system, shown in Fig. 1(e), significant differences can be
observed. The most important one is the absence of sym-
metric behavior of transmission probability with respect
to the sign change of ky together with the appearance of
chiral states.28,29 It is shown that these localized states
appear at the boundary, with energies inside the energy
gap corresponding to unidirectional motion of electrons.
We inject a large number of electrons (typically 105)
from each terminal of our 4-terminal structure with ini-
tial velocity vF with random position and random angle
with a weighted angular distribution P (α) = 1/2 cos(α).
The motion of ballistic particles is determined by the
classical Newton equation of motion, which is justified
for the case lφ < W < le where lφ is the phase coherence
length and le the mean free path. The electron mean free
path can be calculated as le = (~/e)µ(pins)1/2 > 1µm,
with µ the mobility which is about 200, 000 cm2V −1s−1
at a carrier density ns = 10
12cm−2. The transmission of
electrons through the potential step is calculated quan-
tum mechanically using the Dirac Hamiltonian. In our
simulation when a particle hits the potential step we cal-
culate the transmission probability using Eq. (10). If
the particle is reflected back mirror reflection is assumed.
This means that reflected angle, αr, is related to the in-
cident one as αr = −αi. Similar specular reflection is
assumed at the borders of the structure. If, on the other
hand, the particle passes through the step the transmis-
sion angle is calculated using energy and momentum con-
servation.
To investigate what happens if we sculpture a Hall bar
from bilayer graphene our model needs to include all its
unique properties. Compared with single layer graphene
this material shows several essential differences:
i) In our simulation we will solve the classical equa-
tions of motion but to do so proper substitution for a
mass term needs to be found. This is done using the
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FIG. 3: (Color online) Transmission probability for bilayer
graphene with U1 = U2 = 0, E0 = 50meV and δ1 = −δ2.
Purple curves present the chiral states.
Hamiltonian of our system. The difference with the sin-
gle layer graphene case comes from the fact that the dis-
persion relation for Dirac electrons is different, now we
have v2F p
2
σ/t⊥ = (EF − Uσ) (while in the case of sin-
gle layer graphene one has vF pσ = (EF − Uσ)). Us-
ing this equation we can express the effective mass m as
m = t⊥/(2v2F ), and insert it into the equations of motion.
ii) In the case of monolayer graphene we have a linear
dependence between energy and momentum which leads
to a density of states (DOS) that is linear in energy. In
the case of bilayer graphene the dependence between en-
ergy and momentum is quadratic and the DOS is energy
independent, D(E) = A/(4piv2F~2), where A is the sur-
face area.
iii) Transmitted angle αt is related with the incident
angle αi as,√
|E − Ui| sinαi =
√
|E − Ut| sinαt, (11)
which is nothing else then Snell’s law.
iv) Movement of particles after transmission through
the potential step shows another difference between
monolayer and bilayer graphene. In single layer graphene
the particle that transmits through the potential step
will have a new angle -αt if si 6= st, where si,t =
sgn(EF − eUi,t) due to its metamaterial properties. Bi-
layer graphene is not a metamaterial and therefore this
will no longer be the case.
Transport properties of the system are calculated us-
ing the Landauer-Bu¨ttiker formalism. For this purpose
we need to find the electron transmission probabilities be-
tween the different leads of the Hall bar structure. The
probability that an electron injected from terminal j will
end up in terminal i is given by Tij . These transmission
probabilities are then used in the Landauer-Bu¨ttiker for-
4mula in order to calculate the current in terminal i,
Ii =
e
h
(Ni − Tii)µi −∑
j 6=i
Tijµj
 , (12)
here Ni is the number of occupied transport channels,
which depends on EF , µi and µj are the chemical po-
tentials of the reservoirs i and j, respectively, e is the
electron charge and h is Planck’s constant. Eliminating
the chemical potentials we can derive expressions for the
different resistances,
Rmn,kl =
h
e2
TkmTln − TknTlm
D
, (13)
with D = α11α22 − α12α21 and
α11 = [(Ni − T11)S − (T14 + T12)(T41 + T21)] /S
α12 = (T12T34 − T14T32)/S
α21 = (T21T43 − T41T23)/S
α22 = [(Ni − T22)S − (T21 + T23)(T32 + T21)] /S,
(14)
where S = T12 + T14 + T32 + T34.
III. RESULTS AND DISCUSSION
We are interested to obtain the Hall resistance, RH =
Rα = R13,24, the bend resistances RB = Rβ = R14,32 and
RG = Rγ = R12,43, and their counterparts obtained by
switching the voltage and current probes: RHH = R24,13,
RBB = R32,14, and RGG = R43,12. These resistances are
defined by Ri = Vi/Ii (i = α, β, γ), as shown in Fig.
1(b). For simplicity reasons, we consider a potential step
where in the first region we take U1 = 0 and δ1 = 0 while
the values of the potential in the second region U = U2
and δ = δ2 will be varied.
Although the four-fold symmetry of the system is bro-
ken by the presence of the pn-interface still some sym-
metry relations can be found between the different resis-
tances. From Fig. 1(b) we see that: Tj2(B) = Tj4(−B)
and Tj2(B) = T4j(−B) with j = {1, 3}, as well as
T24(B) = T42(−B), T31(B) = T31(−B) and T13(B) =
T13(−B). Inserting these equalities into the expressions
for RB and RG we derive
DR14,32(B) = T31(B)T24(B)− T34(B)T21(B) =
T31(−B)T42(−B)− T32(−B)T41(B) = −R12,43(−B)D.
(15)
In a similar way we obtain RGG(B) = −RBB(−B).
Therefore, it suffices to investigate only the behavior of
RB and RBB while the behavior of the other bend resis-
tances can be obtain using these simple symmetry trans-
formations.
A. Bilayer graphene without a gap
In Figs. 4 and 5 we plot the bend resistances as a func-
tion of the applied magnetic field. The different curves
are for different values of the potential height U . Two
distinct cases are observed: (i) when 0 < eU < EF (Fig.
4) and (ii) eU > EF (Fig. 5). Comparing with the mono-
layer graphene Hall bar of Ref. 22 we see that the bend
resistances in this system are smaller which is due to the
constant DOS in bilayer graphene. Figs. 4(a) and (b)
show that for eU < EF bend resistances are none zero
for a certain range of magnetic fields around B = 0. For
these values of applied potential U both sides of the junc-
tion are n-type, therefore electrons that transmit through
the pn-interface will preserve its direction of motion in
the other region of the junction. From Fig. 4(a) we see
that if there is no pn-junction, i.e. U = 0, RB is symmet-
ric in the magnetic field as a consequence of the symmetry
of the Hall device. However, introducing the pn-junction
this symmetry is broken and the symmetric behavior of
RB is gone as seen for eU/EF = 0.4. Now, the cyclotron
radius on the left and the right side of the junction are
different and this will affect all transmission coefficients
and resistances. For eU/EF = 0.8 the cyclotron radius
on the right side of the junction will be more than twice
smaller than the one on the left side.The effect of it is re-
flected in the resistances RB and RBB , presented in Figs.
4(a) and (b), respectively, which are highly asymmetric.
This can be also observed in the plots of the electron cur-
rent density shown in Figs. 4(c)-(e). These plots show
the flow density of carriers in the structure and represent
a valuable tool for understanding the resistances. We see
that at point 1, with B = B1, shown in the bottom Fig.
4(c) electrons that are injected from lead 4 on the side
of the junction having potential U are unable to cross
the pn-interface and the majority of them are guided to
lead 2. This affects RB because RB ∝ T31T24 − T34T21,
as seen from Eq. (13). If we decrease the magnetic field
the cyclotron radius will increase and more electrons will
be scattered to the perpendicular leads. If on the other
hand the magnetic field is increased, a higher percentage
of electrons is scattered back to the lead of injection -
hence a peak around B1. Decrease of the magnetic field
leads to a higher probability that electrons will be scat-
tered into the perpendicular leads. This will give rise
to T34 while T24 decreases as well as the total RB . At
B = 0 bend resistance drops to zero which means that the
same amount of electrons is scattered to the perpendic-
ular leads as to the opposite ones. Change of sign of RB
with the change of sign of B tells us that now electrons
injected from lead 4 are no longer bending towards the
pn-interface but towards the perpendicular leads. Similar
observations can be made for points 2 and 3, with B2 and
B3, respectively. Comparing the transmission coefficient
T21 for these two situations we can understand the pres-
ence of the decrease of the resistance around B3. If we
apply B < B2 electrons injected from lead 1 are scattered
toward all other leads, increase of B beyond B2 leads to
smaller cyclotron radius which results in a more direc-
tional flow of electrons towards lead 4 and consequently
T21 → 0. We see that T34 is relatively large in both cases
while T31T24 is very low. Depending on the value of T21
5FIG. 4: (Color online) The bend resistances (a) RB and (b) RBB for different values of applied potential U given in the inset
of (b). (c)-(e) Electron current density plots for magnetic field values indicated in (a). Arrows indicate the injection lead.
FIG. 5: (Color online) The same as Fig. 4 but now for eU > EF .
the bend resistance RB decreases (0 < B < B2) or in-
creases towards 0 (B2 < B < B3). Again, for very large
field the majority of electrons are scattered back to the
lead of injection and RB drops to 0.
Behavior of RBB can be explained in a similar way.
Resistance RBB is obtained by switching the current and
the voltage probes of the RB measurement setup. There-
fore, we can say that RBB ∝ T13T42 − T12T43 and the
electron density plots of injection from leads 2 and 3 are
needed for a detailed interpretation of the results. Fig.
4(b) shows similar features as Fig. 4(a) but for the oppo-
site direction of magnetic field. These figures also show
6FIG. 6: (Color online)The Hall resistances (a) RH and (b) RHH for different values of applied potential U given in the inset of
(b). (c)-(d) Electron current density plots for magnetic field values indicated in (a). Arrows indicate the injection lead.
FIG. 7: (Color online) The same as Fig. 6 but now for eU > EF .
that as RB decreases with increase of U , RBB shows the
opposite behavior which happens because now there is a
different mechanism. Electrons under negative magnetic
field bend towards the perpendicular leads while if a pos-
itive magnetic field is applied electrons bend towards the
pn-interface which increases T42. This is opposite to the
case of RB .
Figs. 5(a) and (b) show the bend resistances in the case
of eU > EF . For these values of applied potential the
right side of the junction is p-type, therefore, electrons
injected from the n-region after passing the pn-interface
will transform into a hole state and reverse its direction
7of motion. Consequently, the snake states appear along
the pn-junction. Electrons reflected at the boundary will
perform skipping orbits, as shown in the left part of Fig.
1(c), while if it is transmitted it will perform a ”snake-
like” movement along the pn-interface as presented in
the right part of Fig. 1(c). This will have a dramatic
impact on the resistances. As shown in the figures the
bend resistances have very high negative values for mag-
netic field of certain sign. But if we reverse the direction
of the magnetic field the behavior of the bend resistances
change significantly. This can be explained using Figs.
5(c)-(e) where we show electron current density plots for
three values of applied magnetic field indicated in Fig.
5(a) as 1, 2, 3 with B1, B2, B3, respectively. Fig. 5(c)
shows that for magnetic field B1 most of the electrons
injected from lead 1 will end up in lead 2, which makes
T21 large. This situation is similar to the case of Fig.
4(c), but here injection from lead 4 shows a different be-
havior. Unlike the situation presented in Fig. 4(c) the
right side of the junction is now p-type and the holes
injected in this region are moving in opposite direction
than the electrons and most of them end up in lead 3
making T34 large, while the transmission towards oppo-
site leads is very low. For high negative magnetic fields
we have RB ∝ −T34T21, and this is the reason for its high
negative value. Fig. 5(d) shows the situation B2 = 0.
Notice the different nature of bilayer graphene compared
with monolayer graphene. Bilayer graphene doesn’t ex-
hibit the Klein tunneling phenomena, and transmission
of particles through the potential step is zero for normal
incidence. This can be observed in Fig. 5(d) in case of
injection from lead 1. When the magnetic field is absent
electrons move in straight lines and most of them arrive
to the pn-interface with small incident angle and will be
largely reflected back. If positive magnetic field is ap-
plied, as in Fig. 5(e), we see the appearance of snake
states15,16 in the case of injection from lead 4. These
states are characteristic for the graphene pn-junctions.
Electron injected in n-region along the pn-interface in the
presence of the magnetic field will bend towards the pn-
interface. If it passes through the p-region they change
direction, and again bends towards the pn-interface and
in this manner moves along it. We see that a large portion
of particles injected from lead 4 forms snake states, and
are guided along the pn-interface and end up in terminal
2. Now T34 becomes very low while T24 increases sig-
nificantly and RB becomes positive. Another difference
with the single layer case can be seen in plots of the bend
resistances shown in Figs. 5(a) and (b). For the potential
step height larger than the Fermi energy we see that the
peaks are shifted and they occur for nonzero magnetic
field while for single layer graphene (see Fig. 3 of Ref.
22) they were found at B = 0. Reason for this is the ab-
sence of Klein tunneling. While for monolayer graphene
T31 was largest for B = 0, in the case of bilayer graphene
we see that for B = 0 the transmission T31 → 0. This
effect together with the snake states causes a shifting of
the peaks away from zero magnetic field.
The Hall resistances RH and RHH shown in Figs. 6(a)
and (b) for the potential step smaller than the Fermi en-
ergy exhibit plateau-like features, similarly as in the case
of single layer graphene. These features are caused by the
angle restrictions imposed by Snell’s law allowing only a
certain range of incident angles to transmit through the
pn-interface. Compared with the single layer case these
features are less expressed here as a consequence of the
square root dependence in Eq. (11). Another impor-
tant difference with the single layer case is that the Hall
resistance is no longer antisymmetric with respect to a
sign reversal of the magnetic field. This can be under-
stood from the transmission plots shown in Figs. 1(c)
and (d). We see that for U/EF → 0 transmission is very
high for all angles, while for U/EF → 1 the range of
allowed angles is smaller where the transmission is still
high. Consequently, the difference between transmission
from region 1 to region 2 for the opposite situation is
increased. This can be clearly seen in Figs. 6(c) and
(d). Due to this effect we have D(B) 6= D(−B) and
consequently RH,HH(B) 6= −RH,HH(−B). One can use
similar reasoning to find T31(B) 6= T13(−B). There-
fore, all symmetry relations found in Ref. 23 in case
of single layer graphene, e.g. RB(B) ≈ RBB(−B) ≈
−RG(−B) ≈ −RGG(B) and RH(B) = RHH(−B),
are no longer valid (except: RB(B) = −RG(−B) and
RBB(B) = −RGG(−B)). Nevertheless, Figs. 6 and 7
show that the resistances still obey those symmetries ap-
proximately.
When applying a potential eU > EF in the right region
causes the appearance of hole states. Change of direction
of carrier movement has a strong impact on the Hall re-
sistance. Its influence is explained in Figs. 7(c) and (d).
Fig. 7(c) shows electron current density plots when the
magnetic field B = B1 is applied. The highest percent-
age of electrons injected from terminal 1 will end up in
lead 2 and T21 will be large. This transmission coefficient
will give a negative contribution to RH . Holes injected
from lead 3 will preferably end up also in lead 2, as a
consequence of the opposite direction of motion. This
makes T23 large and increases RH , because T23 gives a
positive contribution to this resistance. Therefore, in this
set up injection from the n-region will decrease RH while
injection from the p-region will increase it. If B = −B1
is applied, as presented in Fig. 7(d), we see that the
situation is changed. Now, injection from the left re-
gion will increase RH , because the highest probability
T41 contributes positively to RH while injection from the
right region decreases the resistance due to a negative
contribution from T43. Figs. 7(a) and (b) show that if
eU = 2EF is applied the Hall resistances are always zero.
This was also the case with the Hall bar sculptured from
a monolayer of graphene which is a consequence of the
same cyclotron radius for electrons and holes in both re-
gion. The fact that electrons and holes move through the
structure with the same orbiting radius but in different
directions leads to T23T41 = T21T43, and hence RH = 0.
Same reasoning can be applied for the magnetic field de-
8pendence of RHH .
Fig. 8 shows the dependence of the bend resistance,
RB , and Hall resistance, RH , as a function of the applied
potential U . First noticeable feature is that RH is always
zero as expected having in mind that there is no applied
magnetic field. Behavior of RB can be explained in a
simple way. Scattering of an electron on a potential step
is expressed by Eq. (11) which tells us that as |E−Ut| ap-
proaches zero there are less particles that can satisfy this
condition and therefore will be reflected back. From the
figure we can see that the dependence resembles a square
root behavior as Eq. (11) predicts. Change of sign of RB
at eU/EF ≈ 0.8 tells us that the measured voltage U32
is changing sign from positive to negative which means
that more electrons end up in the perpendicular than the
opposite leads, as was explained for the case presented in
Fig. 4.
FIG. 8: (Color online) Bend resistance, RB , and Hall resis-
tance, RH , versus potential eU/EF in the absence of a mag-
netic field
B. Gapped bilayer graphene
If we apply different gate potentials to the top and
the bottom layer of bilayer graphene we can create a
band gap in its spectrum which is tunable by the gate
voltage30. In this section we will see how resistances will
change if a band gap opens in the second region. Interest-
ingly, for U = 0 and B = 0 there is a minimal resistivity
of the device if the band gap is opened in the second re-
gion, as shown in Fig. 9. All bend and Hall resistances
drop to very small values (almost zero). Reason for this
lies in the fact that for these parameters the particles
that are injected from the leads perpendicular to the pn-
interface (1,3) are evenly distributed over all four leads,
while for the case of injection from leads parallel to the
pn-interface (2,4) half of the injected particles end up in
the opposite lead (4,2) while the rest is almost evenly
divided between the perpendicular leads. This can be
observed in Figs. 9(b) and (c).
Bend resistances for the Hall bar with only an open
band gap in the second region are given in Figs. 10 and
11. Compared with the resistances shown in Figs. 4 and
5 we see that by opening a gap the resistances that suffer
the most changes are the ones for which the potential U
lies around the Fermi energy. This is not surprising hav-
ing in mind different transmission probabilities for these
values of U . Transmissions for gapless and gapped bilayer
graphene show the largest difference around EF , and as
we move away from it they become very similar. Still,
the behavior of the resistances didn’t change in a signifi-
cant way. Again, all bend resistances show an asymmet-
ric behavior for different signs of the magnetic field, for
eU > EF , which happens as a consequence of the snake
states that appear when the hole states are present in the
second region, as explained previously, while for the case
eU < EF bend resistances are nonzero only for a certain
range around B = 0.
Figs. 10(c)-(e) show electron current density plots for
the same three points as in Fig. 4. Point 1 shows a
similar peak as in the case when there is no gap in the
second region, which is in agreement with the density
plots shown in Fig. 10(c). On the other hand, starting
from this point we see a much faster decay of RB with
magnetic field when the gap is open in the second re-
gion. Reason for this is the much smaller transmission of
electrons injected from lead 1 towards the second region.
Comparing Figs. 4(d) and 10(d) we observe higher elec-
tron densities in the perpendicular leads when the band
gap is opened in the second region. Increase of the mag-
netic field beyond its value at point 2 leads to a decrease
of resistances, as it was for δ = 0. Decrease is slower
in this case which can be seen at point 3, which shows
higher resistance than in the configuration with no gap
in the second region. This is a consequence of a much
more unidirectional transport of electrons in this case.
Electrons injected in lead 1 are preferably transported
towards lead 4, while the electrons injected in lead 4 are
moving mostly towards lead 3, as shown in Fig. 10(e).
Bend resistances for the case when eU > EF are given
in Fig. 11. Point 1 shown in Fig. 11(a) corresponds to
zero magnetic field and has approximately the same value
for RB as in the gapless graphene case. Point 2 given in
the same figure shows that the peak is shifted closer to
zero magnetic field when the band gap is opened. Gener-
ally this happens because the cyclotron radius becomes
smaller when the band gap opens due to a shift of bands
away from U . In order to have the same cyclotron radius
as in the case of gapless graphene smaller magnetic fields
need to be applied. Quantitatively, all peaks in Fig. 11
are shifted toward smaller magnetic fields but the most
pronounced shifts are for eU → EF .
Hall resistances for eU < EF and eU > EF are given
in Figs. 12 and 13. When both sides of the junction
are n-type we see an increase of the Hall resistance with
9FIG. 9: (Color online) (a)The bend resistance RB for two cases of δ shown in the inset of (a) and U = 0. Electron current
density plots for B = 0 and (b) δ = 0, (c) δ/EF = 0.15. Arrows indicate the injection lead.
FIG. 10: (Color online) The same as Fig. 4 but now a band gap δ/EF = 0.15 is present in the second region.
magnetic field. Hall plateau-like features are almost com-
pletely absent, the only trace of it can be spotted for
eU/EF = 0.8, when eU → EF , because only for small
values of εI/εII = EF /(EF −eU) Snell’s law will restrict
the range of incident angles for which transmission is pos-
sible in a significant way so it would be visible in the plot.
Although the antisymmetric behavior of the Hall resis-
tance is not preserved we see that the deviations from it
are rather small. Reason for this can be found in Figs.
12(c) and (d) that show electron current densities for two
values of magnetic field B2 = −B1. Plots show very high
symmetry in the case of injection from leads 1 and 3.
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FIG. 11: (Color online) The same as Fig. 10 but now for eU > EF .
FIG. 12: (Color online) The same as Fig. 6 but now a band gap δ/EF = 0.15 is present in the second region.
If the second region is p-type the Hall resistance firstly
increases with increase of the magnetic field up to some
point after which it starts to decrease towards zero which
happens because the carriers are moving in the opposite
direction in the different regions of the junction, as was
explained earlier. Plots of resistances are given in Fig.
13. Notice that the results are very similar to those ob-
tained for gapless graphene bilayer shown in Fig. 7 but
with the major difference that the peak values are shifted
towards zero magnetic field, which can be understood in
the same way as for the bend resistances. Figs. 13(c) and
(d) show electron current densities for the two peak val-
ues of resistance marked in Fig. 13(a). Plots show very
11
FIG. 13: (Color online) The same as Fig. 12 but now for eU > EF .
F
FIG. 14: (Color online) (a)-(b) The bend and (c)-(d) the Hall resistances versus magnetic field for different values of the band
gap size δ shown in the inset of (a) and eU/EF = 2.
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high equivalence with the plots given in Figs. 7(c)-(d).
FIG. 15: (Color online) (a)The bend resistance RB and (b)
the Hall resistance RH for different sizes of band gap shown
in the inset of (a) in the case of zero magnetic field.
Fig. 14 shows the change in resistances when we tune
the band gap size. Plots are made for a system with po-
tential step eU/EF = 2. Notice that the bend resistances
are not altered in a significant way when the gap size is
varied between δ/EF = 0.1 and δ/EF = 0.5. Reason
for this is the slow variation of cyclotron radius with the
band gap size in case of a large potential U . Cyclotron ra-
dius is given by R =
[√
((EF − U)2 − δ2)t⊥/(vF qB)
]1/2
which means that by changing the band gap from δ/EF =
0.1 to δ/EF = 0.5 the change in cyclotron radius is only
7%. Having in mind that the bend resistances depend
quadratically on the percentage of particles that trans-
mits to the opposite leads (RB ∝ T31T24, RBB ∝ T13T42,
etc..) it is not surprising that they are not changed signif-
icantly with changing band gap size, especially for small
magnetic fields for which the probability that the particle
will end up in the opposite lead is very high. If we look at
the plots of the Hall resistances given in Figs. 14(c)-(d)
we see that the increase of the band gap size is followed
with an increase of the Hall resistance. If there is no band
gap in the second region we have a pn-junction with elec-
trons on one side rotating with a cyclotron radius rc and
holes on the other side of the junction rotating with the
same radius but in the opposite direction, resulting in a
zero Hall resistance for all values of the magnetic field be-
cause of the symmetry in the injection from leads 1 and
3. Injection from one lead will give rise to the Hall resis-
tance, while the injection from the other one will decrease
it. Introducing a band gap in the second region breaks
this symmetry which leads to a nonzero Hall resistance.
Plots show that the behavior of the Hall resistances fol-
low the one obtained in Fig. 13.
Next, we show how the bend resistance RB and the
Hall resistance RH are affected by changing the poten-
tial U . Fig. 15 shows the behavior of the resistances RB
and RH for different values of δ and different applied po-
tential in the second region. The bend resistance, given
in Fig. 15(a), exhibit a steeper drop as the size of the
band gap is increased. Again, we can find that the shape
of the resistances follow the angle restriction imposed by
Snell’s law (RB ∝ [(EF−U)2−δ2]1/4). When the charge-
neutrality point (CNP) is crossed the decrease of the re-
sistances is slowed down indicating the presence of two
type of carriers moving in opposite directions preventing
RB to reach zero value. The Hall resistance, on the other
hand, shows an increase as the band gap is introduced.
When the band gap is set to zero RH is zero due to the
absence of magnetic field. If we introduce the band gap
in the second region we see that RH becomes none zero
which increases as U approaches the Fermi energy. This
happens because the pn-interface acts like a guide, elec-
trons are unable to cross it but instead are guided to the
perpendicular leads.
Chiral states appearing inside the gap (see Fig. 3) can
only move along the pn-interface and are therefore dis-
connected from the two perpendicular leads. There con-
tribution to conduction can be measured by a to-terminal
measurement. The result of such a calculation was pre-
sented in Fig. 14 of Ref. 29.
IV. CONCLUSION
We investigated the electronic response of a Hall bar
structure sculptured from a bilayer of graphene contain-
ing a pn-junction. Simulations were done for bilayer
graphene without a band gap as well as for the situation
when a band gap is opened using different potentials on
the top and bottom layer of the material. The Hall and
bend resistances were calculated using the billiard model
and the results were compared with the ones obtained for
single layer Hall bars. Although these two materials have
very different properties, e.g. different energy spectrums,
the absence of Veselango effect and Klein tunneling in bi-
layer graphene, etc., results exhibit high resemblance but
with some fundamental differences. Simulations showed
similarly as for the systems of single layer graphene two
different transport regimes: i) when both regions of the
junction are n-type and, ii) when one side of the junc-
tion is n-type while the other one is p-type. The first case
showed that the Hall resistances dominate. Hall plateau-
like features can be observed but unlike the single layer
case they are not so strongly pronounced. Reason for this
was found in the square-root energy dependence appear-
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ing in Snell’s law. The second case when one of the sides
of the junction is p-type showed highly asymmetric mag-
netic field dependence of the bend resistance. This be-
havior was also seen in the plots of the resistances in Refs.
22 and 23 as a consequence of the snake states emerging
along the pn-interface. However, bilayer graphene shows
a peak shifted away from B = 0 which was explained with
the essentially different property of these two materials,
i.e. the absence of Klein tunneling in bilayer graphene
(furthermore, transmission is zero for normal incidence)
but the highest transmission is achieved for particular
nonzero incident angles.
If we open a band gap in the second region resistances
do not show dramatic changes. However, we saw that
the opening of a gap almost completely removes the Hall
plateau-like features in the Hall resistances for eU < EF
as well as the minimal resistivity of a device for B = 0.
We also examined the dependence of the Hall resistance
RH and the bend resistance RB versus the applied po-
tential and the band gap size. Plots suggest connection
in the behavior of the bend resistance with the angle re-
strictions imposed by Snell’s law. The Hall resistance
showed nonzero values for B = 0 when the band gap is
opened which occurs because the pn-interface guides the
electrons to the perpendicular leads and consequently in-
creases RH .
V. ACKNOWLEDGMENT
This work was supported by the Flemish Science
Foundation (FWO-Vl), the European Science Founda-
tion (ESF) under the EUROCORES Program Euro-
GRAPHENE within the project CONGRAN and the
Methusalem Foundation of the Flemish government.
∗ Electronic address: slavisa.milovanovic@gmail.com
† Electronic address: mrmphys@gmail.com
‡ Electronic address: francois.peeters@uantwerpen.be
1 K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang,
M.I. Katsnelson, I. V. Grigorieva, S. V. Dubonos, and
A. A. Firsov, Nature (London) 438, 197 (2005).
2 Y. Zheng, Y. W. Tan, H. L. Stormer, and P. Kim, Nature
(London) 438, 201 (2005).
3 M. I. Katsnelson, K. S. Novoselov, and A. K. Geim, Nature
Physics 2, 620 (2006).
4 Vadim V. Cheianov, Vladimir Fa´lko, and B. L. Altshuler,
Science 315, 1252 (2007);
5 O. Klein, Z. Phys. 53, 157 (1929).
6 J. M. Pereira Jr., V. Mlinar, F. M. Peeters, and P.
Vasilopoulos, Phys. Rev. B 74, 045424 (2006).
7 V. P. Gusynin and S. G. Sharapov, Phys. Rev. Lett. 95,
146801, (2005).
8 E. McCann and V. I. Fa´lko, Phys. Rev. Lett. 96, 086805
(2006).
9 E. McCann, Phys. Rev. B 74, 161403 (2006).
10 E. V. Castro, K. S. Novoselov, S. V. Morozov, N. M.
R. Peres, J. M. B. Lopes dos Santos, Johan Nilsson, F.
Guinea, A. K. Geim, and A. H. Castro Neto, Phys. Rev.
Lett. 99, 216802 (2007).
11 J. M. Pereira Jr., P. Vasilopoulos, and F. M. Peeters, Nano
Lett. 7, 946 (2007).
12 V. V. Cheianov, V. Fal’ko, and B. L. Al’tshuler, Science
315, 1252 (2006).
13 A. G. Moghaddam and M. Zareyan, Phys. Rev. Lett. 105,
146803 (2010).
14 F. Hassler, A. R. Akhmerov, and C. W. J. Beenakker,
Phys. Rev. B 82, 125423 (2010).
15 P. Carmier, C. Lewenkopf, and D. Ullmo, Phys. Rev B 84,
195428 (2011).
16 N. Davies, A. A. Patel, A. Cortijo, V. Cheianov, F. Guinea,
and V. I. Fal’ko, Phys. Rev. B 85, 155433 (2012).
17 J.R. Williams and C.M. Marcus, Phys. Rev. Lett. 107,
046602 (2011).
18 J. R. Williams, T. Low, M. S. Lundstrom, and C. M. Mar-
cus, Nature Nanotechnology 6, 222 (2011).
19 C. H. Park, F. Giustino, M. L. Cohen, and S. G. Louie,
Nano Lett. 9, 1731 (2009).
20 A. Matulis, M. Ramezani Masir, and F. M. Peeters, Phys.
Rev. A 86, 022101 (2012).
21 A. Matulis, M. Ramezani Masir, and F. M. Peeters, Phys.
Rev. B 83, 115458 (2011).
22 M. Barbier, G. Papp, and F. M. Peeters, Appl. Phys. Lett.
100, 163121 (2012).
23 S. P. Milovanovic´, M. Ramezani Masir, and F. M. Peeters,
J. Appl. Phys. 113, 193701 (2013).
24 C. W. J. Beenakker and H. van Houten, Phys. Rev. Lett.
63, 17 (1989).
25 F. M. Peeters and X. Q. Li, App. Phys. Lett. 72, 572
(1998).
26 W. Zawadzki and T. M. Rusin, J. Phys.: Condens. Matter
23, 143201 (2011).
27 M. Barbier, P. Vasilopoulos, F. M. Peeters, and J. M.
Pereira, Jr., Phys. Rev. B 79, 155402 (2009).
28 I. Martin, Ya. M. Blanter, and A. F. Morpurgo, Phys. Rev.
Lett. 100, 036804 (2008).
29 M. Zarenia, J. M. Pereira Jr., G. A. Farias, and F. M.
Peeters, Phys. Rev. B 84, 125451 (2011).
30 Y. Zhang, T. Tang, C. Girit, Z. Hao, M. C. Martin, A.
Zettl, M. F. Crommie, Y. R. Shen, and F. Wang, Nature
(London) 459, 820 (2009).
